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What is a magnetic field?	

Magnetic fields are generated by electrical currents, and so we can define the field 
in terms of the current that generates it.	

i = Current (opposite to direction of electrons)	
r = Distance from wire	

H = Magnetic field (points normal to i and r)	

Ampere’s Law	

Units of H are A/m	
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Figure 1.1: a) Distribution of iron filings on a flat sheet pierced by a wire carrying a current i. b)
Relationship of magnetic field to current for straight wire. [Iron filings picture from Jiles (1992).]

law:

H =
i

2πr
.

So, now we know the units of H: Am−1.
Ampère’s Law in its most general form is one of Maxwell’s equations of electromagnetism: In a

steady electrical field, ∇ × H = Jf , where Jf is the electric current density. In other words: The
curl (or circulation) of the magnetic field is equal to the current density. The origin of the term
“curl” for the cross product of the gradient operator with a vector field is suggested in Figure 1.1a
in which the iron filings seem to curl around the wire.

1.2 Magnetic moment

We have seen that an electrical current in a wire produces a magnetic field that curls around
the wire. If we bend the wire into a loop with an area πr2 that carries a current i, as shown in
Figure 1.2a, the current loop creates the magnetic field shown by pattern of the the iron filings.
This magnetic field is that same as the field that would be produced by a magnet with a magnetic
moment m shown in Figure 1.2b. This moment is created by the current i and also depends on
the area of the current loop (the bigger the loop, the bigger the moment), hence m = iπr2. The
moment created by a set of loops (as shown in Figure 1.2c is the sum of the n individual loops, i.e.:

m = niπr2. (1.1)

So, now we know the units of m: Am2.
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Magnetic dipoles and magnetic moments
Viewed from a distance, the magnetic field generated by a loop of wire is identical to that 
generated by a bar magnet. These are both examples of magnetic dipoles. The strength 
of a dipole, and hence the magnitude of the field it creates, is measured by its magnetic 
moment. For a current loop the magnetic moment is the product of the current, i, and 

the area of the loop, A:

The magnetic moment is a vector quantity. For a current loop it points normal to 
the loop. For a bar magnet, it points from the south to the north pole. The units of 

magnetic moment are Am2.

m = iA
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Magnetic dipoles and magnetic moments	
By analogy with electrostatics, we can consider a magnetic dipole as composed 

of two magnetic ‘charges’ separated by a distance d. The magnetic dipole 
moment is then defined as:	

The magnetic field is derived from the gradient of the magnetic potential:	

The magnetic potential at a distance r from a magnetic charge Qm is:	

d	
+Qm	 -Qm	



Magnetic dipoles and magnetic moments	
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Magnetic dipoles and magnetic moments	

White lines show contours of the magnetic 
potential. Arrows show the magnetic field 
direction (always along the gradient of the 

potential, i.e. normal to the contours).	
	

The magnitude of the magnetic field is given 
by:	

Note that the magnitude of the field is twice 
as large at the poles than it is at the equator.	



Magnetic moment of an atom	
An electron orbiting a nucleus can be considered as a loop of electrical 

current, and will therefore generate a magnetic dipole moment:	

v	

+	

-	
me	

-e	

r	

Multiply top and bottom by mer:	

t = Period of orbit	
L = me r v = Orbital angular momentum	



The angular momentum of an electron is a vector with magnitude:	

where ħ = h/2π is the reduced Planck’s constant. The magnetic moment of 
the electron is then:	

where:	

μB is known as the Bohr magneton.	

Orbital angular momentum	



Spin angular momentum	
Electrons also possess an intrinsic angular momentum due to their spin (s 

= 1/2). The magnitude of the spin vector is of the form:	

and the projection of S along the direction of interest is:	

The intrinsic angular momentum is predicted theoretically (and 
confirmed experimentally) to be twice as effective in generating a 

magnetic moment as the orbital angular momentum. This is described 
by the gyromagnetic ratio (g = 2.00232). The magnetic moment is 

then:	
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Summary so far...	

All the important magnetic materials in nature are based on 3d 
transition elements. The vast majority of them are based on Fe. Hence 
from now on we need only consider the magnetic contribution due to 

unpaired electron spins.	
	

Each unpaired electron can contribute a magnetic moment of 1 μB along 
a given direction of interest.	

	
An Fe3+ ion has 5 unpaired electrons and hence a maximum moment of 

5 μB. 	
	

An Fe2+ ion has 4 unpaired electrons and hence a maximum moment of 
4 μB.	



Energy of a dipole in a magnetic field	

+Qm	

-Qm	

d	

F = -μ0 H Qm	

F = μ0 H Qm	

dsinθ	

Torque exerted on a magnetic dipole by a 
magnetic field:	

Energy of a magnetic dipole in a magnetic 
field:	



Paramagnetism	
Consider a collection of N non-interacting atoms with S = 1/2. There are N+ atoms 

with moment +1 μB and N- atoms with -1 μB (N = N+ + N-)	

↑	 ↑	

↑	↑	

↑	

↑	

H	



Total magnetic moment is:	

Paramagnetism	



Field dependence of paramagnetic moment	

For laboratory fields (i.e. μ0H << 100 T) x << 1 and hence tanh(x) = x.	

Curie’s Law	



From atoms to particles (quantum to 
classical)	

Consider a small magnetic grain containing many 
atoms with aligned magnetic moments (we shall see 

in the next lecture why they are aligned…). The 
particle has a large net magnetic moment, given by 

the sum of its atomic moments.	
	

The aligned moments are allowed to rotate in 
unison to any angle. 	

Each particle now becomes a single 
magnetised object, with a large net 
magnetic moment, which can rotate 

to any angle. We can treat such 
particles classically, rather than 

using quantum mechanics. 	



Generalisation for classical moments	

↑	

↑	

↑
	

↑	

H	If we consider the classical case of N particles 
with moment m that can rotate freely in all 
directions, then a similar calculation leads to 

the following result:	

L(x) is known as the Langevin function.	
For x << 1 L(x) = x/3.	

Generalisation for classical moments
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HIf we consider the classical case of N particles 
with moment m that can rotate freely in all 
directions, then a similar calculation leads to 

the following result:

M

Ms
= coth(x)� 1

x
= L(x)

x =
µ0mH

kBT

L(x) is known as the Langevin function.
For x << 1 L(x) = x/3.

M =
Nµ0m2H

3kBT
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Superparamagnetism
This result can also be used to describe collections 
of magnetic nanoparticles. If the particles are small 

enough and the temperature high enough, the 
moments are freely rotating. If we use ms to denote 

the magnetic moment per unit volume of a 
nanoparticle (i.e. the intrinsic saturation 

magnetisation of the material), then:

M

Ms
= coth(x)� 1

x
= L(x)

where v is the volume of each nanoparticle.  This 
example shows magnetite nanoparticles on a clay 
surface. A series of Langevin curves for different 

particle sizes show that they are close to 10 nm in 
diameter.

This type of behaviour is referred to as 
superparamagnetic.

x =
µ0vmsH

kBT
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Superparamagnetism	



Susceptibility	

The volume susceptibility of a material is defined as the magnetic moment per unit 
volume per unit field (i.e. the initial slope of the magnetisation versus field curve):	

Superparamagnetism
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Susceptibility

The volume susceptibility of a material is defined as the magnetic moment per unit 
volume per unit field (i.e. the initial slope of the magnetisation versus field curve):
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Susceptibility

The volume susceptibility of a material is defined as the magnetic moment per 
unit volume per unit field (i.e. the initial slope of the magnetisation versus field 

curve):
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