
The Stoner-Wohlfarth Theory of Magnetic 
Hysteresis	
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Consider a single-domain grain with volume V and saturation magnetisation Ms 
in the presence of an applied field.	

“A Mechanism of Magnetic Hysteresis in 
Heterogenous Alloys” Stoner E C and Wohlfarth E P 
(1948), Phil. Trans. Roy. Soc. A240:599–642 
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φ = 0° Hysteresis Loop	

With increasing magnetic field, the energy 
barrier between the local energy minimum and 

the global energy minimum gets smaller and 
smaller. Above a critical field HK, the magnetic 
moment reverses spontaneously, leading to a 
square hysteresis loop (often referred to as a 

‘hysteron’).	
	

The critical field is determined by the 
conditions:	

and	

yielding:	

HK is often referred to as the 
‘anisotropy field’.	



Hysteresis Loops at General Angles	

Dividing through by μ0MsVHK we obtain the reduced energy, η in terms of the 
reduced field h = H/HK:	

Total energy of the particle is:	

The stable solutions are given by:	

and	



Hysteresis Loops at General Angles	

Black lines show solution 
to first equation	

Shaded regions show 
where second equation is 

NOT satisfied	

φ = 80°	



Hysteresis Loops at General Angles	

φ = π/4	 φ = π/3	

Coercivity hc	

hs > hc	

Switching 
field hs	

There are, in general, two solutions, each representing one branch of the hysteresis 
loop. When the magnetisation reaches the end of one branch it becomes unstable and 
switches to the other branch. Note that the switching field, hs, is not necessarily equal 

to the coercivity, hc (i.e. the field needed to reduce the magnetisation to zero).	



Hysteresis Loops at General Angles	



hc	

hs	

Switching field and coercivity vs field angle	

φ = 85°	

hs = hc for φ < 45°	
hs > hc for φ > 45°	

	
When φ is close to 90°, the branches actually cross each other causing the 

change in magnetisation at the switching field to be opposite to that expected!	



Important Hysteresis Parameters	

Ms = Saturation magnetisation	
Mrs = Remanent magnetisation after saturation	

Hc = Coercivity	
Hcr = Coercivity of remanence (reverse field needed to produce zero remanence after 

field is switched off)	

0	

0.5	

1.0	

-0.5	

-1.0	

M/Ms	



Ideal values for single-domain grains	
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For a randomly distributed 
collection of SD grains with 

uniaxial anisotropy, each 
particle contributes a 

magnetic moment 
proportional to cosφ to the 
remanent magnetisation. The 
average value of cosφ can be 

calculated as follows:	

The number of particles that have their long axes at an 
angle between φ and φ+dφ is proportional to sinφdφ. 

Hence the average value of cosφ is given by:	

Hence:	



Ideal values for single-domain grains	
Similar calculations lead to the 

classic Stoner-Wohlfarth results 
for the coercivity and coercivity of 

remanence:	

Values of Mrs/Ms ≥ 0.5 (values up to 0.87 are obtained when the anisotropy has 
cubic rather than uniaxial symmetry) and 1 < Hcr/Hc < 2 are highly diagnostic of 

non-interacting single-domain grains.	



The Day Plot	

Day, R., M. Fuller, and V. A. Schmidt (1977), 
Hysteresis properties of titanomagnetites: Grain size 

and composition dependence, Phys. Earth Planet. 
Inter. 13, 260 – 267. 	

The ‘Day’ plot is a plot of Mrs/Ms versus Hcr/
Hc, and is a common diagnostic tool in rock 

magnetism. The plot reveals a systematic 
variation in hysteresis parameters as a 

function of grain size.	
	

The smallest grains (d << 1 μm) plot within 
the expected limits for SD behaviour.	

	
The largest grains (d >> 20 μm) have very 

low Mrs/Ms and very high Hcr/Hc. These 
samples are multi domain (MD), and are 
characterised by the presence of mobile 

magnetic domain walls.	
	

Intermediate grain sizes show a smooth 
transition between classical SD and classical 

MD behaviour. This region is termed pseudo-
single domain (PSD).	

The Day Plot

Day, R., M. Fuller, and V. A. Schmidt (1977), Hysteresis 
properties of titanomagnetites: Grain size and 

composition dependence, Phys. Earth Planet. Inter. 13, 
260 – 267. 

The ‘Day’ plot is a plot of Mrs/Ms versus Hcr/
Hc, and is a common diagnostic tool in rock 

magnetism. The plot reveals a systematic 
variation in hysteresis parameters as a 

function of grain size.

The smallest grains (d << 1 μm) plot within 
the expected limits for SD behaviour.

The largest grains (d >> 20 μm) have very 
low Mrs/Ms and very high Hcr/Hc. These 

samples are multi domain (MD), and are 
characterised by the presence of mobile 

magnetic domain walls.

Intermediate grain sizes show a smooth 
transition between classical SD and classical 

MD behaviour. This region is termed pseudo-
single domain (PSD).
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Similar calculations lead to the 
classic Stoner-Wohlfarth results 
for the coercivity and coercivity 

of remanence:

Hc = 0.48HK

Hcr = 0.524HK

Hcr

Hc
= 1.1

Values of Mrs/Ms ! 0.5 (values up to 0.87 are obtained when the anisotropy 
has cubic rather than uniaxial symmetry) and 1 < Hcr/Hc < 2 are highly 

diagnostic of non-interacting single-domain grains.

The Day Plot

Day, R., M. Fuller, and V. A. Schmidt (1977), Hysteresis 
properties of titanomagnetites: Grain size and 

composition dependence, Phys. Earth Planet. Inter. 
13, 260 – 267. 
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9. Experimental estimates of the critical size for single- 06

domain behaviour
05

A comparison of the observed hysteretic properties 4

with the values predicted by the Stoner-Wohlfarth 0.4 ~ x

model shows that the critical size increases with in- - 03

creasing x. The magnetite samples show no single- .

domain properties, hence it has to be concluded that 02

the single-domain size is well below 1 pm. The results

from the wet-ground samples indicate that the single- 0 I •

domain size is closer to 0.1 pm. Forx = 0.2, the criti- I I

cal size is above 0.1 pm but below 1 pm. Nc and i- varia- I0~ 2 3 4 5 6 7 8 9 IO~ 2 3 4 5

tions indicate that the critical size is just below 1 pm ~

whilefR/Js indicates a lowervalue. The composition .

x = 0.4 shows single-domain behaviourin the two smallest Fig. 5. -‘~/~
5versus

size fractionsplacing the transition at about 1 pm. Forx

= 0.6, the transition occurs at about 2pm. Soffel (1971) cate that this transition size is about 10—20 pm for
looked at the domain patterns on the surface of titano- magnetite, depending on the property considered. This

magnetite grains of composition x = 0.55 and con- compares favourably with Stacey’s (1962) value of 18

cluded that the single domain critical size could be as pm for magnetite. The transition size increaseswith

high as a few microns. increasing x to a value of about 30—40 pm for x = 0.6.

The transition from single-domain to truly multi- At these sizes r is nearer to 3.5—4 than 3 or 5.

domain behaviouris not abrupt; there is a transition Anothermethod of estimating the transition sizes

region. Multi-domain grains are characterized by: is a graphical approachusing two or more magnetic
properties. Fig. 4 shows JRS/Js against rwhere it can

be seen that the samples follow a definite trend from

0.05 and r 5.0 truly multi-domain behaviour at the bottom right to

single-domain behaviour at the top left. Many of the

although Parry (1965) suggests that multi-domain be- samples fall in the transition region between SD and

haviour begins for r 3.0. Using these values for truly MD behaviour.

multi-domain grains, the minimum size for multi- Fuller (1974), while investigating the magnetic be-

domain behaviour can be estimated. The results mdi- haviour of lunar samples, suggested that a plot ofJRs/

Jsagainst x/Js should show the same trends. Fig. 5
shows this graph for the titanomagnetites. The same

trend is evident but note that the graph also shows a

0.6 SD compositional dependence. This reduces its use as an
indicator of the domain state if the composition is un-

0.5 ~ known, but whenused in conjunction with Fig. 4, it

04 •I may be possible to determine the approximate compo-
sition of the sample.

0.3 PSD
Js .•

02 : 10. Discussion

•. S

0.1 1.
__________ ~. MD The single-domain critical sizes found experimen-

001 4 5 tally are generally higher than the calculated sizes.

‘~ Assuming a mean elongation of 1.4, the calculated
Fig. 4. J~/~J5versus HRc/HC. critical sizes for x = 0, 0.2, 0.4 and 0.6 are 0.08—0.15,

The ‘Day’ plot is a plot of Mrs/Ms versus Hcr/
Hc, and is a common diagnostic tool in rock 

magnetism. The plot reveals a systematic 
variation in hysteresis parameters as a 

function of grain size.

The smallest grains (d << 1 "m) plot within 
the expected limits for SD behaviour.

The largest grains (d >> 20 "m) have very 
low Mrs/Ms and very high Hcr/Hc. These 

samples are multi domain (MD), and are 
characterised by the presence of mobile 

magnetic domain walls.

Intermediate grain sizes show a smooth 
transition between classical SD and classical 

MD behaviour. This region is termed 
pseudo-single domain (PSD). 

PSD and MD behaviour is the subject of  the 
next lecture.
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Magnetic Domains

The magnetic state of a particle is determined by four key energies:

Exchange Energy
Interaction causing parallel or antiparallel alignment of adjacent spins

Anisotropy Energy
Defines one or more magnetic ‘easy’ axes

Demagnetising Energy
Demagnetising field caused by surface poles acts against the magnetisation of the 

particle 

Magnetostatic Energy
Forces the magnetic moment of the particle to align parallel to an external field

18



Magnetic Domains	

The magnetic state of a particle is determined by four key energies:	
	

Exchange Energy	
Interaction causing parallel or antiparallel alignment of adjacent spins	

	
Anisotropy Energy	

Defines one or more magnetic ‘easy’ axes	
	

Demagnetising Energy	
Demagnetising field caused by surface poles acts against the magnetisation of the 

particle 	
	

Magnetostatic Energy	
Forces the magnetic moment of the particle to align parallel to an external field	



The lowest energy state in an infinite medium is 
uniform magnetisation parallel to an easy axis. In this 
state both the exchange energy and the anisotropy 

energies are zero.	
	

This state is referred to as a magnetic domain.	



Demagnetising field and magnetic domains	

The stray field can be virtually eliminated by the creation of ‘closure’ domains, 
which allow the magnetisation to remain parallel to each surface.	

	
Domain walls move easily under the influence of a magnetic field but can be pinned 

by strain fields associated with defects such as dislocations.	

180° wall	90° wall	



Bloch wall	



Néel Wall	



Simple model of Bloch wall	
Assume a simple cubic lattice with spacing a. Assume that the Bloch wall contains m+1 spins, and that each spin is 

rotated by a constant amount δθ = π/m relative the previous spin. Assume uniaxial anisotropy constant K and 
exchange constant J.	

ma	

Exchange Energy associated with the m bonds within the 
wall:	

For large m (i.e. small δθ):	

The first term is just the exchange energy of m parallel spins (and would be present if the domain was there or 
not). We require only the angle dependent second term, which is minimised by making m as large as possible.	



Simple model of a Bloch wall	
Anisotropy energy associated with a given magnetic moment in the wall:	

Average value of sin2θ for 0 < θ < π is 1/2. Hence the average anisotropy energy for the whole wall is:	

Total energy of the wall is the sum of the angle-dependent exchange energy and the anisotropy energy:	

Minimise the energy with respect to m:	

Wall width:	

Wall energy per unit area:	



Simple model of a Bloch wall	
Wall width:	 Large exchange energy promotes 

wide walls, as moments try to remain 
as parallel to each other as possible	

Large anisotropy energy promotes 
thin walls, as moments try to spend as 
little time as possible pointing in the 

‘wrong’ direction	

Values for magnetite at room 
temperature:	

	
A = 1.33 x 10-11 J/m	
K = 1.64 x 104 J/m3	

Width = 0.09 μm = 90 nm	

The width of a domain wall is an important factor in controlling domain wall 
pinning: thin walls are more easily pinned by defects than thick walls.	



Analytical Solution	

Without the constraint that δθ is 
constant, the analytical solution is 

given by:	

The profile of a Néel wall is identical 
(although the energy of a Néel wall in an 
infinite medium is higher than that of a 

Bloch wall).	



Number of domains as a function of particle size	

L	

D	
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In lecture 2 we saw that the demagnetising energy of 
a uniformly magnetised particle with volume V, 

saturation magnetisation Ms and demagnetising factor 
N (=1/3 for an equidimensional particle) is given by:	

If we subdivide the particle into n lamellar domains, the 
demagnetising energy is (to a good approximation) 

reduced to (see Dunlop and Ozdemir page 109-111):	

The total energy of the particle is the demagnetising 
energy plus the energy of the (n-1) domain walls:	



Number of domains as a function of particle size	

The number of domains increases with D1/2. Note that below a critical size the 
particle exists as a single magnetic domain with uniform magnetisation. 	

Single domain 
threshold	



Critical size for single domain grains	
The boundary between the SD state and the two-domain (2D) state occurs when these two 

states have equal energy:	

where:	

Values for magnetite at room temperature:	
	

A = 1.33 x 10-11 J/m	
K = 1.64 x 104 J/m3	

Ew = 4√(AK) =1.87 x 10-3 J/m2	

Ms = 480 kA/m	

Dcrit = 77 nm	

hence:	

Note that the transition size is close to 
the typical domain wall width (90 nm). 
Hence the approximation of uniformly 
magnetised domains separated by a thin 
wall is not valid! Real magnetic state is 

likely to be highly non-uniform...	



Multi-domain hysteresis	

Barkhausen 
Jumps	

Domain walls are pinned by microstructural features and defects (e.g. dislocations). If a large enough field is 
applied, the wall will suddenly escape its pinning site (depinning) and rapidly move through the crystal until it 

encounters the next pinning site. This leads to a sudden change in magnetisation known as a Barkhausen jump.	



Barkhausen jumps	



Multi-domain hysteresis	

This shows a more typical MD hysteresis loop in a soft magnetic material (i.e. one where domain walls are weakly 
pinned and can move easily). Note the very low value of Mrs/Ms and the very low value of Hc.	



The Day Plot	

Day, R., M. Fuller, and V. A. Schmidt (1977), 
Hysteresis properties of titanomagnetites: Grain size 

and composition dependence, Phys. Earth Planet. 
Inter. 13, 260 – 267. 	

The ‘Day’ plot is a plot of Mrs/Ms versus Hcr/
Hc, and is a common diagnostic tool in rock 

magnetism. The plot reveals a systematic 
variation in hysteresis parameters as a 

function of grain size.	
	

The smallest grains (d << 1 μm) plot within 
the expected limits for SD behaviour.	

	
The largest grains (d >> 20 μm) have very 

low Mrs/Ms and very high Hcr/Hc. These 
samples are multi domain (MD), and are 
characterised by the presence of mobile 

magnetic domain walls.	
	

Intermediate grain sizes show a smooth 
transition between classical SD and classical 

MD behaviour. This region is termed pseudo-
single domain (PSD). 	

	
PSD and MD behaviour is the subject of  the 

next lecture.	

The Day Plot

Day, R., M. Fuller, and V. A. Schmidt (1977), Hysteresis 
properties of titanomagnetites: Grain size and 

composition dependence, Phys. Earth Planet. Inter. 13, 
260 – 267. 

The ‘Day’ plot is a plot of Mrs/Ms versus Hcr/
Hc, and is a common diagnostic tool in rock 

magnetism. The plot reveals a systematic 
variation in hysteresis parameters as a 

function of grain size.

The smallest grains (d << 1 μm) plot within 
the expected limits for SD behaviour.

The largest grains (d >> 20 μm) have very 
low Mrs/Ms and very high Hcr/Hc. These 

samples are multi domain (MD), and are 
characterised by the presence of mobile 

magnetic domain walls.

Intermediate grain sizes show a smooth 
transition between classical SD and classical 

MD behaviour. This region is termed pseudo-
single domain (PSD).

Ideal values for single-domain grains
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Similar calculations lead to the 
classic Stoner-Wohlfarth results 
for the coercivity and coercivity 

of remanence:

Hc = 0.48HK

Hcr = 0.524HK

Hcr

Hc
= 1.1

Values of Mrs/Ms ! 0.5 (values up to 0.87 are obtained when the anisotropy 
has cubic rather than uniaxial symmetry) and 1 < Hcr/Hc < 2 are highly 

diagnostic of non-interacting single-domain grains.

The Day Plot

Day, R., M. Fuller, and V. A. Schmidt (1977), Hysteresis 
properties of titanomagnetites: Grain size and 

composition dependence, Phys. Earth Planet. Inter. 
13, 260 – 267. 
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A comparison of the observed hysteretic properties 4

with the values predicted by the Stoner-Wohlfarth 0.4 ~ x

model shows that the critical size increases with in- - 03
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domain properties, hence it has to be concluded that 02
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= 0.6, the transition occurs at about 2pm. Soffel (1971) cate that this transition size is about 10—20 pm for
looked at the domain patterns on the surface of titano- magnetite, depending on the property considered. This

magnetite grains of composition x = 0.55 and con- compares favourably with Stacey’s (1962) value of 18

cluded that the single domain critical size could be as pm for magnetite. The transition size increaseswith

high as a few microns. increasing x to a value of about 30—40 pm for x = 0.6.

The transition from single-domain to truly multi- At these sizes r is nearer to 3.5—4 than 3 or 5.

domain behaviouris not abrupt; there is a transition Anothermethod of estimating the transition sizes

region. Multi-domain grains are characterized by: is a graphical approachusing two or more magnetic
properties. Fig. 4 shows JRS/Js against rwhere it can

be seen that the samples follow a definite trend from

0.05 and r 5.0 truly multi-domain behaviour at the bottom right to

single-domain behaviour at the top left. Many of the

although Parry (1965) suggests that multi-domain be- samples fall in the transition region between SD and

haviour begins for r 3.0. Using these values for truly MD behaviour.

multi-domain grains, the minimum size for multi- Fuller (1974), while investigating the magnetic be-

domain behaviour can be estimated. The results mdi- haviour of lunar samples, suggested that a plot ofJRs/

Jsagainst x/Js should show the same trends. Fig. 5
shows this graph for the titanomagnetites. The same

trend is evident but note that the graph also shows a

0.6 SD compositional dependence. This reduces its use as an
indicator of the domain state if the composition is un-

0.5 ~ known, but whenused in conjunction with Fig. 4, it

04 •I may be possible to determine the approximate compo-
sition of the sample.
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__________ ~. MD The single-domain critical sizes found experimen-

001 4 5 tally are generally higher than the calculated sizes.

‘~ Assuming a mean elongation of 1.4, the calculated
Fig. 4. J~/~J5versus HRc/HC. critical sizes for x = 0, 0.2, 0.4 and 0.6 are 0.08—0.15,

The ‘Day’ plot is a plot of Mrs/Ms versus Hcr/
Hc, and is a common diagnostic tool in rock 

magnetism. The plot reveals a systematic 
variation in hysteresis parameters as a 

function of grain size.

The smallest grains (d << 1 "m) plot within 
the expected limits for SD behaviour.

The largest grains (d >> 20 "m) have very 
low Mrs/Ms and very high Hcr/Hc. These 

samples are multi domain (MD), and are 
characterised by the presence of mobile 

magnetic domain walls.

Intermediate grain sizes show a smooth 
transition between classical SD and classical 

MD behaviour. This region is termed 
pseudo-single domain (PSD). 

PSD and MD behaviour is the subject of  the 
next lecture.
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Magnetic Domains

The magnetic state of a particle is determined by four key energies:

Exchange Energy
Interaction causing parallel or antiparallel alignment of adjacent spins

Anisotropy Energy
Defines one or more magnetic ‘easy’ axes

Demagnetising Energy
Demagnetising field caused by surface poles acts against the magnetisation of the 

particle 

Magnetostatic Energy
Forces the magnetic moment of the particle to align parallel to an external field
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Non-uniform states in PSD grains	

Flower State	
60 nm magnetite cube	

Vortex State	
100 nm magnetite cube	



Non-uniform states in PSD grains	

Vortex State	
100 nm magnetite cube	
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